Abstract In order to expand the coverage area of satellite navigation systems, a combined navigation constellation which is formed by a global navigation constellation and a Lagrangian navigation constellation was studied. Only the crosslink range measurement was used to achieve long-term precise autonomous orbit determination for the combined navigation constellation, and the measurement model was derived. Simulations of 180 days based on the international global navigation satellite system (GNSS) service (IGS) ephemeris showed that the mentioned autonomous orbit determination method worked well in the Earth-Moon system. Statistical results were used to analyze the accuracy of autonomous orbit determination under the influences of different Lagrangian satellite constellations.
Introduction
At present, the global positioning system (GPS) can provide navigation for some spacecraft in medium Earth orbits (MEO) and low Earth orbits (LEO). For a deep space probe, the GPS is not good enough. In order to expand the navigation area of the GPS, a Lagrangian navigation constellation which consists of several satellites on Lagrange point orbits is introduced to form a combined navigation system with the GPS. The combined navigation system can navigate spacecraft in MEO, LEO, deep space transfer orbits, and deep space target orbits. For the purpose of reducing the dependency on ground stations, the combined navigation system should have the ability of autonomous orbit determination (AOD). Furthermore, an AOD system can greatly reduce the total system cost. In this paper, we will study an AOD method for the combined navigation system.
In the past few decades, many AOD methods have been investigated. [1] [2] [3] A primary way of AOD for a satellite navigation constellation is based on relative measurements. [4] [5] [6] The relative measurements used in AOD include the scalar crosslink range, velocity, and angles between different satellites. With respect to the measurement between a satellite and an irregular surface of a celestial body, more precise relative scalar measurements between two cooperating satellites are much easier to get. Hence, AOD using relative scalar measurements between satellites in the combined navigation system is a feasible way. In Ref. 7 , it shows that AOD can be performed using only relative angles measurements and the accuracy for this technique is in the order of several hundred meters. When relative range and angles measurements are combined, the accuracy of AOD is a few meters. This illustrates that scalar crosslink range measurements play a more important role than relative angles, as long as observability issues are resolved. However, long-term AOD cannot be performed using only the crosslink range between satellites in an Earth navigation constellation. That is because the crosslink range observation cannot determine the rotation and translation of the entire constellation. [8] [9] [10] [11] This phenomenon is also called the rank defect problem. In Ref. 12 , it is proven that even the crosslink range combined with the velocity measurement is used in AOD, it will still result in the rank defect. With the prior information, a weighted adjustment algorithm can avoid the rank defect, but cannot improve the accuracy of orbit determination. In Ref. 13 , the study shows that the characteristics of the acceleration function determine whether scalar crosslink measurements alone can be used to estimate the absolute positions of spacecraft. It is concluded that asymmetry in the acceleration field can enable satellites to determine their orbits autonomously using only scalar crosslink measurements. The third-body perturbation in the Earth-Moon system causes the strongest asymmetric acceleration and is most likely to enable the application of crosslink measurements in determining the orbits of satellites. Therefore, we introduce a Lagrangian navigation satellite constellation to form a combined navigation system with the Earth navigation system. The advantages of such a combined navigation system are summarized as follows:
(1) The much more stable global navigation satellite constellation can improve the stability of the Lagrangian navigation system, even with the minimum satellite number for the Lagrangian navigation system. (2) Long-term AOD of the global navigation satellite constellation can be performed using the crosslink range between satellites in Lagrangian orbits and satellites in the Earth orbits. Therefore, the navigation measurement equipment of the satellite navigation system will be reduced. (3) The combined navigation system can provide navigation for spacecraft in the Earth space, the deep space, and the transfer phase from the Earth to the Moon.
In the following, the dynamical model is given in Section 2. Then we derived the observation model of the combined satellite navigation system in Section 3. In Section 4, the extended Kalman filter (EKF) is introduced to estimate the orbits of satellites in the combined navigation system with only the crosslink range as the measurement. Eventually, in Section 5, a combined navigation constellation which includes four satellites in four periodic orbits in the vicinity of four different Lagrange points as well as twelve GPS satellites is used to verify this method. The precise international global navigation satellite system (GNSS) service (IGS) ephemeris is used in simulation, which is more meaningful in both theory and practice.
Dynamical model of combined navigation system

Circular restricted three-body problem
For satellites in Lagrange point orbits (LPO), the equation of the circular restricted three-body problem (CRTBP) should be an appropriate model to describe the satellites' dynamical characteristics. Consider two massive bodies m 1 and m 2 moving under the action of just their mutual gravitation, and assume their orbits around each other be a circle with radius r 12 . As shown in Fig. 1 , a non-inertial, co-moving frame of reference Oxyz is defined. The origin of frame Oxyz lies at the barycenter of the two-body system. The positive x direction goes from m 1 to m 2 . The positive y axis is parallel to the velocity vector. The z axis is perpendicular to the orbital plane. Now a third body (spacecraft) of mass m which is vanishingly small compared to the primary masses m 1 and m 2 is introduced. r 1 represents the distance between m and m 1 . r 2 represents the distance between m and m 2 . We assume that mass m is so small that it has no effect on the motions of the primary bodies. This is called the circular restricted three-body problem.
The non-dimensional equations of motion for the CRTBP can be found in Ref.
14 . The dynamical equations of the CRTBP have five equilibrium points which are called Lagrange points (or libration points). As shown in Fig. 2 , P 1 Fig. 1 Diagram of circular restricted three-body problem in the Oxyz frame. The three Lagrange points on the x axis are unstable, and the two Lagrange points which form an equilateral triangle with the two primary bodies in the x-y plane are stable. Many interesting periodic orbits exist in the vicinity of the Lagrange points no matter whether they are stable or not. The Lagrange navigation satellites discussed in this paper are launched in these periodic orbits.
Dynamical model of global navigation satellites
Most global navigation satellites are at altitudes above 20,000 km. Hence, the perturbing force f P can be computed as the following:
where f N is the Earth non-spherical gravitational perturbation, f L is the lunisolar perturbation, and f S is the solar radiation pressure.
Since the orbits of most global navigation satellites are near-circular orbits, the nonsingular orbital elements are chosen as state variables 16 r ¼ ½a; i; X; n; g; k T ð2Þ where a is semimajor axis, i is inclination, X is right ascension of the ascending node. n; g; k are defined as follows
where e is the eccentricity of the orbit, M is the mean anomaly, and x is the argument of perifocus.
Then the orbit dynamical equation of a global navigation satellite can be described by a differential equation as
where f E is the function of orbit dynamical equation. The definition of f E in Eq. (3) can be found in Ref. 16 .
Model of measurements
In this paper, only the crosslink range is used for AOD. The crosslink range can be divided into two kinds: the crosslink range between satellites in the same gravitational field and the crosslink range between satellites in different gravitational fields. For global navigation satellites, q i,j represents the distance between satellite i and satellite j. q i;L k denotes the distance between global navigation satellite i and Lagrangian satellite k.
Then the crosslink range can be expressed as
where r i and r j are the position vectors of satellite i and satellite j, respectively. D i,j is the observation noise. The orbital elements of global navigation satellites i and j can be written as r i ¼ ½a i ; i i ; X i ; n i ; g i ; k i T and r j ¼ ½a j ; i j ; X j ; n j ; g j ; k j T . Taking X ¼ ½r
T as state variables
and letting q(X, t) = |r i (t) -r j (t)|, then the discretization expression of Eq. (4) can be written as
We expand q in a Taylor series about the estimated value b X kþ1=k and truncate the infinite series at two terms. q k+1 can be written as
The mapping matrix that relates the observation deviation vector to the state deviation vector is defined by
where
and
The form of T are the position vectors of global navigation satellites i and j in the inertial frame.
When the crosslink range between a global navigation satellite and a Lagrangian satellite is considered, the crosslink range is defined as
where r L k is the position vector of Lagrangian satellite k in the inertial frame. We assume that r _ L k is the position vector of Lagrangian satellite k in the Oxyz frame, as shown in Fig. 3 .
In the Oxyz frame, if the state vector of Lagrangian satellite k is defined as Fig. 3 Schematic of the crosslink range between a global navigation satellite and a Lagrangian satellite.
Then a new state vector can be expressed as
Expanding Eq. (13) in a Taylor's series about b X _ kþ1=k and neglecting the terms of order higher than the first yield
The mapping matrix of the observation equation would be where
;kþ1Þ
relates to two vectors which are described in different coordinates. In order to solve
, an auxiliary coordinate O x y z is introduced. This coordinate frame has its origin at the center of the Earth and rotates with the Earth and the Moon, with the positive x direction going from the Earth to the Moon. The z axis is perpendicular to the Moon's path plane. The y axis is perpendicular to the x axis in the orbit plane, and completes a right-handed coordinate system with the x and z axes. In the O x y z frame, the position vector of Lagrangian satellite k is
where m E and m M denote the masses of the Earth and the Moon, respectively. r EM is the orbit radius of the Moon about the Earth. [x k , y k , z k ] T is the position vector of Lagrangian satellite k expressed in the Oxyz frame.
The transformation matrix from the O x y z coordinate system to the inertial system can be written as where X M is the right ascension of the ascending node. Subscript M represents the Moon. i M , x M , and h M are the inclination, argument of perigee, and true anomaly, respectively, and u M = x M + h M . R z and R x are defined in Ref. 17 . Fig. 4 Error curves of PRN9 in Case 1. 
Then the position vector of Lagrangian satellite k expressed in the inertial frame is
where m E and m M represent the mass of the Earth and the Moon.
Hence; where
Extended Kalman filter
The dynamical model of the combined navigation system can be described by the differential equation and the observation model with additive noise
where f (X k ) is the propagation equation, h (X k+1 ) represents the observation equation, W k is the system noise, C(X k , k) is the noise transition matrix, and V k+1 is the observation noise. Consider the nonlinear system expressed by Eq. (21), an extended Kalman filter is used to estimate the orbits of navigation satellites. The initial state X 0 and the error covariance P 0 are given. The extended Kalman filter algorithm is summarized as follows 18 Fig . 6 Error curves of PRN31 in Case 1. Fig. 7 Error curves of PRN9 in Case 2. 
Data assimilation step and corrector:
where Q k is the process noise covariance matrix, R k is the covariance matrix of observation error, U kþ1=k is the state transition matrix, I is an identity matrix, Z k+1 is the calculated value of observation vector, Z * is the measured value of observation vector, H k+1 is the mapping matrix of the observation equation, and P k+1/k+1 is the covariance matrix of the AOD error.
In the traditional EKF algorithm, the state transition matrix is usually calculated by the numerical integration method which increases the computational complexity. In order to improve the calculation efficiency of the EKF, the analytical method is chosen to calculate the transition matrix. The calculation formula of the transition matrix is expressed as
ð24Þ U ð0Þ is the state transition matrix without considering perturbation, U ð1Þ is the perturbed part of the state transition matrix.
For the explicit expressions of U ð0Þ and U ð1Þ , please refer to Ref. 16 .
Numerical simulation and analysis
Simulation of AOD
A Lagrangian navigation constellation including four satellites in four different orbits named as LS 1 , LS 2 , LS 4 , and LS 5 is chosen to verify the feasibility and accuracy of AOD using only the crosslink range. The subscript of LS i denotes the number of Lagrangian points. LS 1 and LS 2 are in halo orbits. LS 4 and LS 5 are in vertical periodic orbits. The GPS navigation constellation is chosen as a global navigation satellite constellation which constitutes a combined navigation constellation with a Lagrangian navigation constellation. The IGS ephemeris is used as simulation data. Since the accuracy of the IGS ephemeris is better than 5 cm, it can be regarded as true orbits of GPS satellites. In fact, using the IGS ephemeris to generate observation data and estimate results of orbit determination is of great reference value for the study of the combined Fig. 9 Error curves of PRN31 in Case 2. navigation satellite system. 12 GPS satellites including PRN1, PRN3, PRN6, PRN8, PRN9, PRN10, PRN19, PRN23, PRN24, PRN27, PRN30, and PRN31, which do not perform orbit maneuvers within 180 days, are selected to make up the combined navigation satellite constellation. Initial conditions and simulation parameters of the simulations are listed in Table 1 . The crosslink ranges are divided into 3 kinds: kind 1 means the crosslink range between satellites in the same global navigation constellation; kind 2 means the crosslink range between satellites in the same Lagrangian navigation constellation; kind 3 means the crosslink range between two satellites in different constellations. Simulation conditions of the crosslink range are shown in Table 2 . The initial states of the satellites are shown in Tables 3 and 4 . In the simulation, the normalized length unit and the normalized time unit are denoted by LU and TU respectively. LU and TU can be calculated by LU = r EM and TU ¼ ðr
In order to show the superiority of AOD using only the crosslink range between the satellites in the combined navigation constellation, the simulations are divided into 3 cases. In Case 1, we will give the results about AOD of the GPS navigation constellation using only the crosslink range. Then the results about AOD of the GPS navigation constellation using both the crosslink range and the angle are given in Case 2. In Case 3, the simulation results of AOD of the combined navigation constellation using only the crosslink range are shown. The superiority of the combined navigation constellation is revealed mainly by comparing the AOD accuracy of GPS satellites. 5.1.1. Case 1: AOD of the GPS using only the crosslink range PRN9, PRN30, and PRN31 which are distributed in three different orbit planes are presented in the forms of position error and user range error (URE). The simulation results of other satellites are similar and not illustrated here. In this case, only crosslink range kind 1 is used to determine the orbits autonomously.
As shown in Figs. 4-6 , the accuracy of orbit determination is reduced with time. We can safely draw a conclusion that the crosslink range measurement is insensitive to the rotation and translation of the entire navigation satellite constellation. From Table 5 , it can be seen that the maximum position errors of the three satellites within 180 days are bigger than 30 m. The maximum UREs of simulation within 180 days are bigger than 6 m.
Case 2: AOD of the GPS using both the crosslink range and the angle
The observations include the crosslink range kind 1 and the angle. The measurement error of the angle is 1 arc sec.
The simulation results are shown in Figs. 7-9. The URE is stabilized after increasing to a certain degree by adding the angle measurement. Therefore, it is easy to understand that the precision and stabilization could be improved by using angle measurement data and distance measurement data together. In Table 6 , the results show that the position errors of the constellation in 180 days are smaller than 25 m. The maximum UREs of simulation within 180 days are smaller than 3.5 m.
Case 3:
Simulation of AOD of the combined navigation constellation using only the crosslink range All of the three kinds of crosslink range in Table 2 are needed in this part. The simulation results are shown in Figs. 10-13 and Table 7 . It can be concluded as follows:
(1) Compared with Case 1 and Case 2, the accuracy of Case 3 is obviously improved, which proves that the accuracy of orbit determination using only the crosslink range can be improved under the synchronous work mode of the Lagrangian navigation constellation. 
Simulation with different Lagrangian navigation constellation types
In this part, the results of AOD under different distributions of Lagrangian navigation satellites are given in Table 8 . We try to find if the accuracy of AOD is affected by the orbit type of Lagrangian navigation satellites. As shown in Table 9 , nine constellation types are provided. All constellations in this simulation can achieve continuous global coverage for users in lunar orbits. Candidate orbits for the Lagrangian navigation constellation include halo orbits (Halo), planar Lyapunov orbits (PL), vertical Lyapunov orbits (VL), planar long periodic orbits (LP), planar short periodic orbits (SP), and vertical periodic orbits (VP). The variables in Table 9 Fig. 15 . Although the amplitudes of LS 2 , LS 4 , and LS 5 are different in Fig. 15(a) , (b), and (c), the maximum error always comes from 'Halo-Halo-VP-VP' in every Figure. If the orbit types of LS 1 , LS 4 , and LS 5 are fixed, we can still get the same conclusion by changing LS 2 's orbit type, as shown in Fig. 16 . Obviously, the change of amplitude has a little influence on the results. The statistical results of twelve global navigation satellites' maximum UREs are described in Fig. 17 . From  Fig. 17 , we cannot get the same conclusions as for Lagrangian satellites. Instead, the maximum UREs in most cases appear when LS 1 is in a halo orbit. It may be explained by that the AOD of a global navigation satellite is affected by the model, Feasibility study of autonomous orbit determination using only the crosslink range measurementthe orbit type of itself, and the orbit plane the satellite is in, besides the type of Lagrangian satellite. Meanwhile, the former's influence is much stronger than the latter's.
Conclusions
(1) In the Earth-Moon system, the third-body perturbation leads to asymmetry of the gravitational field around a Lagrange point. After adding a Lagrangian navigation satellite to the Earth navigation satellite constellation, the gravitational field of the combined navigation system is also asymmetric. Therefore, the orbit determination error caused by the rotation and translation of the Earth navigation constellation relative to the inertial reference frame is eliminated, when only the crosslink range is used for AOD. As shown in Section 5, by comparing the simulation results of three cases, it can be concluded that AOD using the crosslink range between satellites in the combined navigation constellation is more precise than in Case 1 and Case 2. In the simulation, the data of GPS satellites is real ephemeris. Therefore, the simulation results are credible. (2) The type of Lagrangian navigation constellation will not affect the precision of AOD greatly. In theory, the combined navigation constellation only needs one Lagrangian satellite in order to achieve precise AOD using the crosslink range. The reason for four Lagrangian satellites being chosen is that this constellation type can guarantee navigation for Lunar probes without a fade zone. (3) Although the rank deficient problem has been settled, the error caused by the estimation error of the Earth orientation parameter still exists, which constitutes the major orbit determination error of Earth navigation satellites in case 3. (4) The conclusion of this paper is based on the dynamics of the CRTBP. However, in a real situation, the Moon's trajectory around the Earth is not a circle. In the future, it is necessary to study AOD using only the crosslink range for the combined navigation constellation based on the elliptic restricted three body problem.
